The purpose of this paper is to give basic tools for the classification of nonsingular toric Fano varieties by means of the notions of primitive collections and primitive relations due to Batyrev. By using them we can easily deal with equivariant blow-ups and blow-downs, and get an easy criterion to determine whether a given nonsingular toric variety is a Fano variety or not. As applications of these results, we get a toric version of a theorem of Mori, and can classify, in principle, all nonsingular toric Fano varieties obtained from a given nonsingular toric Fano variety by finite successions of equivariant blow-ups and blow-downs through nonsingular toric Fano varieties. Especially, we get a new method for the classification of nonsingular toric Fano varieties of dimension at most four. These methods are extended to the case of Gorenstein toric Fano varieties endowed with natural resolutions of singularities. Especially, we easily get a new method for the classification of Gorenstein toric Fano surfaces.
Introduction
A Gorenstein toric Fano variety is a complete toric variety X with at most Gorenstein singularities such that the anticanonical divisor −K X is ample. Gorenstein toric Fano varieties are very important as ambient spaces of Calabi-Yau varieties, and Batyrev [3] systematically constructed examples of mirror symmetric pairs of Calabi-Yau varieties as hypersurfaces in Gorenstein toric Fano varieties. The set of isomorphism classes of Gorenstein toric Fano d-folds is a finite set for any dimension d (see Batyrev [2] ). Nonsingular toric Fano d-folds are classified for d ≤ 4 and Gorenstein toric Fano d-folds are classified for d ≤ 3 (see Batyrev [5] and Watanabe-Watanabe [18] in the nonsingular cases, and Koelman [9] , Kreuzer-Skarke [10] and [11] in the Gorenstein cases). In this paper, we consider the classification of higher-dimensional nonsingular or Gorenstein toric Fano varieties using the notions of primitive collections and primitive relations introduced by Batyrev [4] . First we consider the nonsingular case. Remark 1.2 For equivariant birational maps of complete nonsingular toric varieties which need not be Fano varieties, related factorization conjectures have been proposed by Oda [14] . The weak version analogous to the factorization in Definition 1.1 was proved by W lodarczyk [19] and Morelli [12] , while the strong version was proved by Morelli [12] and later supplemented by Abramovich-Matsuki-Rashid [1] .
As we see in this paper, if we get a complete system of representatives for (F , In this paper, we prove this conjecture for d = 3 and d = 4 without using the classification. As a result, we get a new method for the classification of nonsingular toric Fano 3-folds and 4-folds. Using this method for the classification, we can show that there exist 124 nonsingular toric Fano 4-folds up to isomorphism.
On the other hand, Gorenstein toric Fano d-folds are related to nonsingular toric weak Fano d-folds, where a nonsingular toric weak Fano variety is a nonsingular projective toric variety X such that the anticanonical divisor −K X is nef and big, and the methods for nonsingular toric Fano d-folds are extended to the case of nonsingular weak toric Fano d-folds. As a result, we get a new method for the classification of Gorenstein toric Fano surfaces.
The content of this paper is as follows: In Section 2, we study basic concepts on toric Fano varieties, and recall the correspondence between Gorenstein toric Fano varieties and reflexive polytopes. In Sections 3 and 4, we introduce primitive collections and primitive relations. We can characterize toric Fano varieties using them, and calculate them before and after an equivariant blow-up. Moreover, we have a criterion for the possibility of an equivariant blow-down in terms of primitive collections and primitive relations. In Section 4, we give a new nonsingular toric Fano 4-fold which is missing in the classification of Batyrev [5] . In Section 5, we give a toric version of a theorem of Mori as an application of Sections 3 and 4. In Section 6, we give a procedure for the classification which says that we have only to get a complete system of representatives for the F-equivalence relation for the set of isomorphism classes of nonsingular toric Fano d-folds. We also study a correspondence between toric weak Fano varieties and Gorenstein toric Fano varieties. Especially, we get a new method for the classification of Gorenstein toric Fano surfaces. In Sections 7 and 8, we prove Conjecture 1.3 for d = 3 and d = 4. In Section 9, as an application of Sections 3 and 4, we describe all the equivariant blow-up relations among nonsingular toric Fano 4-folds using the classification of Batyrev [5] .
The author wishes to thank Professors Tadao Oda, Yasuhiro Nakagawa and Takeshi Kajiwara for their advice and encouragement.
Reflexive polytopes
In this section, we recall some basic notation and facts about toric Fano varieties (see Batyrev [3] , Fulton [7] , and Oda [13] for more details). The following notation is used throughout this paper.
Let N be a free abelian group of rank d and M := Hom Z (N, Z) the dual group. The natural pairing , : M × N → Z is extended to a bilinear form , : M R × N R → R where M R := M ⊗ Z R, N R := N ⊗ Z R.
For a finite complete fan Σ in N and 0 ≤ i ≤ d, we put Σ(i) := {σ ∈ Σ | dim σ = i}. Each τ ∈ Σ(1) determines a unique element e(τ ) ∈ N which generates the semigroup τ ∩ N. We put G (Σ) := {e(τ ) ∈ N | τ ∈ Σ(1)} and G (σ) := σ ∩ G (Σ) for σ ∈ Σ.
Definition 2.1 (Batyrev [3] ) A d-dimensional convex lattice polytope ∆ ⊂ N R is called a reflexive polytope if the origin 0 is in the interior of ∆ and the polar ∆ * := {y ∈ M R | y, x ≥ −1, ∀x ∈ ∆} ⊂ M R is also a convex lattice polytope.
For a d-dimensional convex polytope ∆ ⊂ N R and 0 ≤ i ≤ d − 1, we denote by ∆(i) the set of i-dimensional faces of ∆.
Let ∆ ⊂ N R be a convex lattice polytope such that 0 is in the interior of ∆. For any
Then σ(δ) is an (i+ 1)-dimensional strongly convex rational polyhedral cone in N R . Moreover
is a finite complete fan in N.
In the nonsingular case, we have the following additional information:
Definition 3.5 Let Σ be a finite complete nonsingular fan in N and P = {x 1 , . . . , x l } ∈ PC(Σ). Then there is a unique element σ(P ) ∈ Σ such that
where Relint(S) is the relative interior of S for any subset S ⊂ N R . Hence we get a linear relation
where G (σ(P )) = {y 1 , . . . , y m }. We call this relation the primitive relation for P . The integer deg P :
By this definition and Proposition 3.4, we get the following characterization of isomorphism classes of complete nonsingular toric varieties. Let Σ be a finite complete nonsingular fan in N and X := T N emb(Σ). Then for any P ∈ PC(Σ), we can define an element r(P ) ∈ A 1 (X) in the following way, where A 1 (X) is the Z-module of algebraic 1-cycles modulo numerical equivalence. Proposition 3.7 (e.g., Fulton [7] , Oda [13] ) Let Σ be a finite complete nonsingular fan in N and X := T N emb(Σ). Then we have an exact sequence of Z-modules
By the exact sequence in Proposition 3.7, we have Pic(X) ∼ = Z G(Σ) /M and hence
Consequently, we have
Let P = {x 1 , . . . , x l } ∈ PC(Σ) and let
be the primitive relation for P . Then we get a linear relation
Thus we can define r(P ) = (r(P ) x ) x∈G(Σ) ∈ A 1 (X) by
On the other hand, for any wall τ ∈ Σ(d − 1), there is a linear relation
and Cone( G (τ ) ∪ {z d+1 }) are the d-dimensional strongly convex rational polyhedral cones in Σ which contain τ as a face.
Concerning this definition, the following is very useful.
Theorem 3.8 (Batyrev [4] , [5] , Reid [16] ) Let Σ be a finite complete nonsingular fan in N and X = T N emb(Σ). Then we have
where NE(X) ⊂ A 1 (X) ⊗ Z R is the Mori cone of effective 1-cycles.
The following theorem is the toric Nakai criterion.
Theorem 3.9 (Oda [13] , Oda-Park [15] ) Let Σ be a finite complete nonsingular fan in N and
By Theorems 3.8 and 3.9, we can characterize nonsingular toric Fano varieties in terms of primitive collections. Theorem 3.10 (Batyrev [5] ) Let Σ be a finite complete nonsingular fan in N and X := T N emb(Σ). Then X is a nonsingular toric Fano variety (resp. −K X is a nef divisor) if and only if deg P > 0 (resp. deg P ≥ 0) for all P ∈ PC(Σ).
Proof. t (1, 1, . . . , 1) ∈ Z G(Σ) corresponds to the anticanonical divisor of X. So for P ∈ PC(Σ), (−K X .r(P )) = deg P.
Hence by Theorems 3.8 and 3.9, we are done. q.e.d.
Equivariant blow-ups and blow-downs
Let Σ be a finite complete simplicial fan in N. In this section, we investigate how the set PC(Σ) of primitive collections change by star subdivisions. Especially we can deal with equivariant blow-ups and blow-downs of nonsingular complete toric varieties in terms of the primitive collections and primitive relations.
Definition 4.1 Let Σ be a finite complete simplicial fan in N and σ ∈ Σ with dim σ = l, 2 ≤ l ≤ d. For x ∈ (Relint(σ)) ∩ N with x primitive in N, we define the star subdivision of Σ along (σ, x) in the following way.
First, we define the strongly convex rational polyhedral cones σ i (1 ≤ i ≤ l) by
where G (σ) = {x 1 , . . . , x l }. Then for τ ∈ Σ such that σ ≺ τ , we can write τ uniquely as
In this notation, we have a finite complete simplicial fan Σ *
We call Σ * (σ,x) the star subdivision of Σ along (σ, x).
Remark 4.2 (Fulton [7] , Oda [13] ) In Definition 4.1, if Σ is nonsingular and x = x 1 + · · · + x l , then the equivariant proper birational morphism T N emb(Σ * (σ,x) ) → T N emb(Σ) corresponding to this star subdivision is the equivariant blow-up along orb(σ).
The following is one of the main theorems of this paper. 
To prove this theorem, we need the following three lemmas. The proof is trivial by Definition 4.1.
Lemma 4.5 Let Σ be a finite complete simplicial fan in N, σ ∈ Σ and x a primitive element in (Relint(σ)) ∩ N. Then P * ∈ PC Σ * (σ,x) and x ∈ P * imply G (σ) ∩ P * = ∅.
Proof. Let P * ∈ PC(Σ * (σ,x) ), x ∈ P * and suppose G (σ) ∩ P * = ∅. Then P * \ G (σ) generates a cone in Σ containing x. So by Lemma 4.4, there exists τ ′ ∈ Σ such that
which contradicts the assumption. q.e.d.
Lemma 4.6 Let Σ be a finite complete simplicial fan in N, σ ∈ Σ and x a primitive element in (Relint(σ)) ∩ N. Then for any P * ∈ PC(Σ * (σ,x) ) which contains x, there exists
Proof. Let P * ∈ PC(Σ * (σ,x) ), x ∈ P * and suppose G (σ) ∪ (P * \ {x}) generates a strongly convex rational polyhedral cone in Σ. Then there exists τ ′ ∈ Σ such that
Let P ⊂ G (σ) ∪ (P * \ {x}) , P ∈ PC(Σ). For any y ∈ P * \ {x}, P * \ {y} generates a strongly convex rational polyhedral cone in Σ * (σ,x) which contains x. Therefore by Lemma 4.4, there exists τ ′ ∈ Σ such that
and consequently G (σ)∪(P * \ {x, y}) generates a strongly convex rational polyhedral cone in Σ.
On the other hand, suppose P * \ {x} ⊂ P . Then there exists y ∈ P * \ {x} such that P ⊂ G (σ) ∪ (P * \ {x, y}). This contradicts P ∈ PC(Σ). Therefore P * \ {x} ⊂ P , hence clearly (P \ G (σ)) ∪ {x} = P * . q.e.d.
We are now ready to prove Theorem 4.3.
Proof of Theorem 4.3. We put
and let T be the set of minimal elements of
Then to prove the theorem, we have only to prove P = S and P ′ = T . "P = S" Trivially we have G (σ) ∈ P. Let P ∈ PC(Σ), G (σ) ⊂ P . Then for any y ∈ P , P \ {y} generates a strongly convex rational polyhedral cone in Σ * (σ,x) because G (σ) ⊂ P \ {y}. On the other hand, since x ∈ P , P does not generate a strongly convex rational polyhedral cone in Σ * (σ,x) . So we have P ∈ P. Conversely, let P * ∈ P. If G (σ) ⊂ P * , then P * = G (σ) ∈ S since G (σ) ∈ P. If G (σ) ⊂ P * , then for any y ∈ P * , P * \ {y} generates a strongly convex rational polyhedral cone in Σ because x ∈ P * . Clearly P * does not generate a strongly convex rational polyhedral cone in Σ. Therefore P * ∈ PC(Σ) and we have P * ∈ S. "P ′ = T " Let (P \ G (σ))∪{x} ∈ T (P ∈ PC(Σ)) and suppose that (P \ G (σ))∪{x} generates a strongly convex rational polyhedral cone in Σ * (σ,x) . Then there exists τ ′ ∈ Σ such that
. Then x ∈ P * because P \ G (σ) generates a strongly convex rational polyhedral cone in Σ * (σ,x) . So by Lemma 4.6, there exists
Then by Lemma 4.6 P * is clearly expressed in the form as stated.
q.e.d.
By using Theorem 4.3, we can construct a nonsingular toric Fano 4-fold which is missing in the table of Batyrev [5] .
Example 4.7 Let d = 4, Σ a fan in N corresponding to P 2 ×P 2 and G (Σ) = {x 1 , . . . , x 6 }. Then the primitive relations of Σ are
We get a nonsingular toric Fano 4-fold W by equivariant blow-ups of P 2 × P 2 along three T N -invariant 2-dimensional irreducible closed subvarieties orb ({x 1 , x 4 }), orb ({x 2 , x 5 }), orb ({x 3 , x 6 }).
Let Σ W be the fan in N corresponding to W and G (Σ W ) = G (Σ) ∪ {x 7 , x 8 , x 9 }. Then the primitive relations of Σ W are
This is easily confirmed by Theorem 4.3. W is missing in the table of Batyrev [5] .
By Theorem 4.3, we get a way to calculate PC(Σ * (σ,x) ) from PC(Σ). Conversely, by the following easy lemma, we get a way to calculate PC(Σ) from PC(Σ * (σ,x) ).
Lemma 4.8 Let Σ be a finite complete simplicial fan in
N, σ ∈ Σ and x ∈ (Relint(σ)) ∩ N which generates the semigroup (R ≥0 x) ∩ N. If P ∈ PC(Σ) and G (σ) ⊂ P , then (P \ G (σ)) ∪ {x} ∈ PC(Σ * (σ,x) ).
Proof.
We have only to prove that (P \ G (σ)) ∪ {x} is a minimal element in
Since G (σ) ⊂ P , we have P ′ ⊂ P , hence P = P ′ because P, P ′ ∈ PC(Σ). Therefore P is a minimal element.
Corollary 4.9 Let Σ be a finite complete simplicial fan in N, σ ∈ Σ and x ∈ (Relint(σ))∩ N which generates the semigroup (R ≥0 x) ∩ N. Then the primitive collections of Σ are
This immediately follows from Theorem 4.3 and Lemma 4.8. We end this section by giving an easy criterion for the possibility of equivariant blowdown in the nonsingular case. (1) There exist a complete nonsingular toric variety X and an equivariant blow-up ϕ :
(2) There exists P * ∈ PC(Σ * ) such that the corresponding primitive relation is
and for any σ * ∈ Σ * which contains x, each of
generates a strongly convex rational polyhedral cone in Σ * .
(3) There exists P * ∈ PC(Σ * ) such that the corresponding primitive relation is
and for any P ′ ∈ PC(Σ * ) which satisfies the conditions P * ∩ P ′ = ∅ and P * = P ′ ,
Proof. We prove (1) =⇒ (3) =⇒ (2) =⇒ (1).
(1) =⇒ (3) is trivial by Theorem 4.3. (3) =⇒ (2) . Suppose that there exists σ * ∈ Σ * such that x ∈ σ * and
does not generate a strongly convex rational polyhedral cone in Σ
contains a primitive collection of Σ * , a contradiction. (2) =⇒ (1). For any σ * ∈ Σ * which contains x, define a strongly convex rational polyhedral cone σ ′ in N R by
Then the finite complete nonsingular fan Σ in N defined by
gives a complete nonsingular toric variety X = T N emb(Σ) and an equivariant blow-up ϕ :
The equivalence (1) ⇐⇒ (3) is a useful criterion for the possibility of equivariant blow-down in the nonsingular case.
Decomposition of birational morphisms
In this section, we prove a toric version of a theorem of Mori which says "a proper birational morphism between nonsingular Fano 3-folds is always decomposed into a composite of blow-ups", and consider the higher-dimensional version. In the proof of this theorem, the results of Sections 3 and 4 are used.
The following proposition is important in proving the main theorem in this section.
not nef) if and only if there exists a primitive relation of Σ of the form
up to change of the indices, such that
Proof. The sufficiency is trivial by Theorem 3.10. By Corollary 4.9, for any new primitive collection P ′ ∈ PC(Σ ′ ) added by the equivariant blow-down with respect to x 1 + · · · + x l = x, there exists
Let the primitive relation corresponding to P be
So the primitive relation corresponding to P ′ is
Therefore deg
′ is not a nonsingular toric Fano d-fold, then there exists a primitive collection P in PC(Σ) such that P is in PC(Σ ′ ), its primitive relation contains x on the right-hand side and r(P ) is contained in an extremal ray of NE(X ′ ). So we get the conditions (1) and (4) . Because X is a Fano variety while X ′ is not a Fano variety, we get the conditions (2) and (3). q.e.d.
Example 5.2
We consider Proposition 5.1 in the case of the equivariant blow-down ϕ : X → X ′ with respect to the primitive relation of Σ of the form x 1 + x 2 = x.
(1) "d = 2" X ′ is always a nonsingular toric Fano surface. On the other hand, if −K X is nef, then −K X ′ is always nef.
(2) "d = 3" X ′ is not a nonsingular toric Fano 3-fold if and only if there exists the following primitive relation of Σ.
′ is not a nonsingular toric Fano 4-fold if and only if there exists one of the following primitive relations of Σ.
Next let d = 3 and let ϕ : X → X ′ be the equivariant blow-down with respect to the primitive relation of Σ,
′ is always a nonsingular toric Fano 3-fold by Proposition 5.1.
We need these facts later.
The following is the toric version of the Mori theory.
Proposition 5.3 (Reid [16] ) Let Σ be a finite complete nonsingular fan in N, X := T N emb(Σ) a projective toric variety, and P = {x 1 , . . . , x l } ∈ PC(Σ) with the primitive relation corresponding to P being
in an extremal ray of NE(X) and m ≥ 1, then there exist a nonsingular projective toric d-fold X ′ and an equivariant morphism
such that the following are satisfied:
(1) For any τ ∈ Σ, the image of orb(τ ) by Cont P is a point if and only if v(τ ) = r(P ) ∈ A 1 (X).
is nonsingular and Cont P is an equivariant blow-up.
To prove the main theorem in this section, we suppose d = 3. Let ϕ : Y −→ X be an equivariant morphism between nonsingular toric Fano 3-folds, and Σ and Σ fans in N such that X = T N emb(Σ) and Y = T N emb( Σ). To apply Propositions 5.1 and 5.3, we have to investigate the subdivision of a 3-dimensional strongly convex rational polyhedral cone in Σ. The following lemma is fundamental in classifying subdivisions.
Lemma 5.4 Let d = rankN = 3, Σ and Σ finite complete nonsingular fans in N and
Then we have the following.
(2) dim σ = 2 ⇐⇒ G ( σ) = {x, x 3 } where x := x 1 + x 2 up to change of the indices.
Proof.
The sufficiency is trivial. Let s = dim σ and G ( σ) = {y 1 , . . . , y s }. Then σ ⊂ σ since ϕ is an equivariant morphism, and so we have
If we put
q.e.d. Now we are ready to classify the subdivisions of a 3-dimensional strongly convex rational polyhedral cone σ ∈ Σ(3). There are five types of subdivisions for σ. Let G (σ) = {x 1 , x 2 , x 3 }.
(1) "dim σ = 3" σ = σ ∈ Σ(3) by Lemma 5.4.
(2) "dim σ = 2" By Lemma 5.4, we have
, where (3) and σ = σ 1 ∪ σ 2 by Theorem 4.10 (2) and Proposition 5.3.
(3) "dim σ = 1 and {x 1 , x 2 } ∈ PC( Σ)" Let x 4 := x 1 + x 2 + x 3 ∈ G ( Σ) and x 5 := x 1 + x 2 . Then x 5 ∈ G ( Σ) and the primitive relation corresponding to {x 1 , x 2 } is x 1 + x 2 = x 5 . Since x 3 + x 5 = x 4 , we have {x 3 , x 5 } ∈ PC( Σ) and x 3 + x 5 = x 4 is the corresponding primitive relation. So since r({x 1 , x 2 }) and r({x 3 , x 5 }) are contained in an extremal ray of NE(Y ), we see that
for the same reason as above.
(5) "dim σ = 1, {x 1 , x 2 , x 3 } ∈ PC( Σ) and r ({x 1 , x 2 , x 3 }) is not contained in an extremal ray of NE(Y )" Let x 4 := x 1 + x 2 + x 3 . Then the primitive relation corresponding to {x 1 , x 2 , x 3 } is x 1 + x 2 + x 3 = x 4 and so deg ({x 1 , x 2 , x 3 }) = 2. Therefore there exist two primitive collections P 1 , P 2 ∈ PC( Σ) such that deg P 1 = deg P 2 = 1 and r ({x 1 , x 2 , x 3 }) = r(P 1 ) + r(P 2 ). On the other hand, there are two types of primitive relations corresponding to the primitive collection P such that deg P = 1 and r(P ) is contained in an extremal ray. The possibilities are
By easy calculation, the combinations ((a), (a)) and ((b), (b)) are impossible. In the case of the combination ((a), (b)), we have
for the same reason as in (2).
By the above classification, we get the following main theorem in this section. This is a toric version of a theorem of Mori. 
is an equivariant blow-up along a T N -invariant 1-dimensional irreducible closed subvariety of X j−1 and ϕ 1 is an equivariant blow-up along some T N -invariant points of X.
Proof.
In the above classification, carry out equivariant blow-downs in the order (3) =⇒ (2) =⇒ (1), (2) =⇒ (1), (5) =⇒ (4) =⇒ (1) and (4) =⇒ (1). Then by Proposition 5.1 and Example 5.2, we get a decomposition as in the statement.
If d ≥ 4, the method we employed in the 3-dimensional case is insufficient. For example, in the case of d = 4, there is a subdivision of a 4-dimensional strongly convex rational polyhedral cone σ ∈ Σ(4) such that the primitive relations corresponding to P ∈ PC( Σ) | P ⊂ σ ⊂ PC( Σ) are
where G (σ) = {x 1 , x 2 , x 3 , x 4 }, x 5 , x 6 ∈ G ( Σ). This does not contradict the fact that Y is a nonsingular toric Fano variety, but we cannot tell by Proposition 5.1 whether the equivariant blow-down of Y with respect to the primitive relation x 2 + x 4 = x 6 is also a nonsingular toric Fano variety or not. However, there is still a possibility of the decomposition similar to that in Theorem 5.5 in the case d ≥ 4. 
Program for the classification of toric Fano varieties
In this section, we give a program for the classification of nonsingular toric Fano varieties. This program can be extended to the case of Gorenstein toric Fano varieties endowed with natural resolution of singularities.
First we consider the classification of nonsingular toric Fano d-folds. We define the F-equivalence relation again. Let 
where 
Proof. We prove this by induction on d. Let Σ be a fan in N corresponding to the d-dimensional projective space and G (Σ) = {x 1 , . . . , x d+1 }. Then the primitive relation is
By the equivariant blow-up along {x 1 , . . . , x a 1 +1 } for 1 ≤ a 1 < d we get a fan Σ 1 in N whose primitive relations are
where G (Σ 1 ) = G (Σ) ∪ {x d+2 }. Moreover, by the equivariant blow-up of Σ 1 along {x 1 , x a 1 +2 , . . . , x d+1 } we get a fan Σ 2 in N whose primitive relations are
where G (Σ 2 ) = G (Σ 1 ) ∪ {x d+3 }. Then T N emb(Σ 1 ) and T N emb(Σ 2 ) are nonsingular toric Fano d-folds by Theorem 3.10. By Theorem 4.10 Σ 2 can be equivariantly blown-down to a fan Σ ′ in N with respect to the primitive relation x d+2 + x d+3 = x 1 . The primitive relations of Σ ′ are
where G (Σ ′ ) = {x 2 , . . . , x d+3 }. So the toric variety corresponding to Σ ′ is isomorphic to P a 1 × P d−a 1 , and we have P
Then by the induction assumption, we have
Next, we consider more complicated nonsingular toric Fano d-folds.
Definition 6.8 (Batyrev [4] ) Let Σ be a finite complete nonsingular fan in N. Then Σ is called a splitting fan if for any two distinct primitive collections P 1 and P 2 in PC(Σ), we have
The following is well-known.
Theorem 6.9 (Kleinschmidt [8]) Let Σ be a finite complete nonsingular fan in N and X := T N emb(Σ). If the Picard number of X is two or three, then X is projective. Moreover, if the Picard number of X is two, then Σ is a splitting fan.
The nonsingular toric d-folds corresponding to splitting fans are characterized by the following proposition. For any splitting fan Σ in N, T N emb(Σ) is projective by Proposition 6.10. So the assumption in the following is satisfied. Lemma 6.11 (Batyrev [4] ) Let Σ be a finite complete nonsingular fan in N such that T N emb(Σ) is projective. Then there exists a primitive collection P in PC(Σ) such that σ(P ) = 0. Theorem 6.12 Let Σ be a splitting fan in N and let P = {x 1 , . . . , x r } be a primitive collection such that σ(P ) = 0. If for any primitive collection P ′ in PC(Σ) such that σ(P ′ ) ∩ P = ∅, there exists y in P ′ such that y is not in σ(P ′′ ) for any P ′′ in PC(Σ), then there exists a nonsingular toric
Proof. If σ(P ′ ) ∩ P = ∅ for any primitive collection P ′ in PC(Σ), then T N emb(Σ) is isomorphic to the product as in the statement.
So let P ′ = {y 1 , . . . , y s } be a primitive collection such that σ(P ′ ) ∩ P = ∅ and x i in σ(P ′ ) ∩ P . Then by assumption, there exists y j in P ′ such that y j is not in σ(P ′′ ) for any P ′′ in PC(Σ). The primitive relations of Σ are
By the equivariant blow-up along {x 1 , . . . , x i−1 , x i+1 , . . . , x r , y j } we get a fan Σ 1 in N whose primitive relations are
where G (Σ 1 ) = G (Σ)∪{z} and the first three primitive relations are new. Then T N emb(Σ 1 ) is a nonsingular toric Fano d-fold by Theorem 3.10. By Theorem 4.10 Σ 1 can be equivariantly blown-down to a fan Σ ′ in N with respect to the primitive relation x i + z = y j . The primitive relations of Σ ′ are
is also a nonsingular toric Fano dfold by Theorem 3.10, and Σ ′ satisfies the assumption of the statement. So we can replace Σ by Σ ′ and carry out this operation again. This operation terminates in finite steps and T N emb(Σ ′ ) becomes a product as in the statement. q.e.d.
By Theorems 6.7 and 6.12, we get the following immediately.
Corollary 6.13 Let Σ be a splitting fan in N and let T N emb(Σ) be a nonsingular toric Fano d-fold. If the Picard number of T N emb(Σ) is not greater than three, then T N emb(Σ)
is F-equivalent to the d-dimensional projective space.
Next we consider the classification of Gorenstein toric Fano varieties. Let ∆ be a reflexive polytope in N R . For any δ ∈ ∆(d − 1), subdivide δ as
where
Then we can define a finite complete fan Σ(∆) in N by Σ(∆) := {σ(S δ,i ) and the faces of σ( By the following proposition, the condition "big" is automatic in the case of toric varieties.
Proposition 6.17 Let Σ be a finite projective nonsingular fan in N and X := T N emb(Σ).
Then the following are equivalent.
(1) X is a nonsingular toric weak Fano variety.
(2) The anticanonical divisor −K X is nef. 
For the Gorenstein toric Fano varieties endowed with crepant resolutions of singularities as Proposition 6.14, we can consider instead the nonsingular toric weak Fano varieties by First, we define the concept, flop, for nonsingular projective toric d-folds. Definition 6.18 Let X = T N emb(Σ) be a nonsingular projective toric d-fold and P a primitive collection of Σ whose primitive relation is
If r(P ) is contained in an extremal ray of NE(X), then we can do the following operation. First we blow-up X along {y 1 , . . . , y l }, and we get the toric variety X ′ = T N emb(Σ ′ ) and the primitive relation of Σ ′ , x 1 +· · ·+x l = z, where G (Σ ′ ) = G (Σ)∪{z}. Next we can blowdown X ′ with respect to x 1 + · · · + x l = z, and we get the toric variety X + = T N emb(Σ + ) and the primitive relation of Σ + ,
where G (Σ + ) = G (Σ). We call this operation flop. Proof. We prove Theorem 6.22 in the case of nonsingular toric weak Fano surfaces. We can similarly prove Theorem 6.22 in the case of nonsingular toric Fano surfaces.
By Proposition 5.1 and Example 5.2, if a nonsingular toric weak Fano surface X is not minimal in the sense of equivariant blow-ups, then X can be equivariantly blown-down to nonsingular toric weak Fano surface. On the other hand, the minimal complete nonsingular toric surfaces in the sense of equivariant blow-ups are P 2 and P P 1 (O P 1 ⊕ O P 1 (a)) (a ≥ 0 and a = 1) (See Oda [13] ). So the minimal nonsingular toric weak Fano surfaces in the sense of equivariant blow-ups are
These are weakly-F-equivalent to the 2-dimensional projective space P 2 by easy calculation.
The classification of nonsingular toric Fano 3-folds
We devote this section to proving Conjecture 6.3 for d = 3. Throughout this section, we assume d = 3. To prove Theorem 7.1, we prove the following lemma. For a toric variety X, let ρ(X) be the Picard number of X. Proof of Theorem 7.1. Let X = T N emb(Σ) be a nonsingular toric Fano 3-fold. If ρ(X) = 2, then Σ is a splitting fan by Theorem 6.9, and X is F-equivalent to P 3 by Corollary 6.13.
Suppose ρ(X) ≥ 3. Then there exists a primitive collection P in PC(Σ) such that #P = 2 by Lemma 7.2. By Theorem 3.10, we have two cases.
(1) " There exists a primitive collection P in PC(Σ) whose primitive relation is x 1 +x 2 =
x (x 1 , x 2 , x ∈ G (Σ))." Because deg P = 1, r(P ) is contained in an extremal ray of NE(X). So X can be equivariantly blown-down with respect to x 1 + x 2 = x. Let ϕ : X → Y be the equivariant blow-down with respect to x 1 + x 2 = x. By Proposition 5.1 and Example 5.2, if Y is not a nonsingular toric Fano 3-fold, then there exists a primitive collection P ′ in PC(Σ) whose primitive relation is
By Theorem 4.10 and the fact deg P ′ = 1, {x, x 1 , y 1 }, {x, x 1 , y 2 },{x, x 2 , y 1 } and {x, x 2 , y 2 } generate 3-dimensional strongly convex rational polyhedral cones of Σ. Since ρ(X) ≥ 3, there exists z in G (Σ) \ {x, x 1 , x 2 , y 1 , y 2 }. {x, z} is obviously a primitive collection of Σ. If the primitive relation of {x, z} is x + z = z ′ (z ′ ∈ G (Σ)), then obviously X can be equivariantly blown-down to a nonsingular toric Fano 3-fold with respect to x + z = z ′ . If the primitive relation of {x, z} is x + z = 0 and ρ(X) ≥ 4, then there exists w in G (Σ) \ {x, x 1 , x 2 , y 1 , y 2 , z} and we can replace z by w. If the primitive relation of {x, z} is x + z = 0 and ρ(X) = 3, then the primitive relations of Σ are
Then Σ is a splitting fan, and X is F-equivalent to P 3 by Corollary 6.13.
(2) "For any primitive collection P in PC(Σ) such that #P = 2, its primitive relation is x 1 + x 2 = 0 (x 1 , x 2 ∈ G (Σ))." There exists a primitive relation x 1 + x 2 = 0 by Lemma 7.2. Let {x 1 , x 
and T N emb(Σ) is a pseudo-symmetric toric Fano 3-fold. Conversely let {y 1 , y 2 } be a primitive collection. Then the corresponding primitive relation is y 1 + y 2 = 0 by assumption, and x 1 , x 2 , y 1 and y 2 are contained in a plane. So there exists z in
This contradicts the assumption. On the other hand, by Theorem 6.6, the psudosymmetric toric Fano 3-folds are
By Definition 6.4 and Theorem 6.7, these are F-equivalent to P 3 . q.e.d.
The classification of nonsingular toric Fano 4-folds
In this section, we prove Conjecture 6.3 for d = 4. As a result, we get a new method for the classification of nonsingular toric Fano 4-folds. Using this method for the classification, we can get the 124 nonsingular toric Fano 4-folds. We devote the rest of this section to proving Theorem 8.1. So let X = T N emb(Σ) be a nonsingular toric Fano 4-fold and ρ = ρ(X) the Picard number of X.
If ρ(X) = 2, then Σ is a splitting fan by Theorem 6.9, and X is F-equivalent to P 4 by Corollary 6.13.
The following theorem holds for nonsingular projective toric d-folds for any d whose Picard number is three. (1) Σ is a splitting fan. Moreover, in the case of (2), there exists (p 0 , p 1 , p 2 , p 3 , p 4 ) ∈ (Z >0 ) 5 such that the primitive relation of Σ are
For a nonsingular toric Fano variety of any dimension d, the following proposition holds. 
Proof.
We prove Proposition 8.3 in the case of p 1 = 1. We can prove the case of p 4 = 1 similarly.
By assumption, we have the primitive relation of Σ,
The primitive collections which have a common elements with {t 1 , . (1, 2, 1, 1, 2) , then X can be equivariantly blown-down to a nonsingular toric Fano 4-fold. Let (p 0 , p 1 , p 2 , p 3 , p 4 ) = (1, 2, 1, 1, 2) . Then the primitive relations of Σ are
where b 1 = 0 or 1. If b 1 = 0, then X can be equivariantly blown-down to a nonsingular toric Fano 4-fold with respect to v 1 + y 1 + y 2 = t 1 by Theorem 4.10 and Proposition 5.1. On the other hand, if b 1 = 1, we can show easily that X is F-equivalent to P 4 (see G 1 in the table of Section 9).
Next we consider the case of ρ ≥ 4. We need the following proposition. 
has two connected components. Therefore, since there are two other elements by the assumption ρ(X) ≥ 3, there exists a primitive relation P ′ in PC(Σ) such that #P ′ = 2. This contradicts the assumption.
q.e.d. 
Proof. Suppose there exists a primitive collection P in PC(Σ) whose primitive relation is x 1 + x 2 + x 3 = ax 4 (a = 1, 2). If r(P ) is contained in an extremal ray of NE(X), then there exist z 1 , z 2 ∈ G (Σ) \ {x 1 , x 2 , x 3 , x 4 } such that {x i , x j , x 4 , z k } generate 4-dimensional strongly convex rational polyhedral cones in Σ for 1 ≤ i < j ≤ 3, 1 ≤ k ≤ 2. Since # G (Σ) = ρ + 4 ≥ 7, there exists w ∈ G (Σ) \ {x 1 , x 2 , x 3 , x 4 , z 1 , z 2 }, and {x 4 , w} is a primitive collection of Σ. This contradicts the assumption. So because deg P = 1, there does not exists a primitive relation x 1 + x 2 + x 3 = 2x 4 . On the other hand, the primitive relation x 1 + x 2 + x 3 = x 4 is represented as the sum of two primitive relations of degree one. By Lemma 8.5 and assumption, for any primitive collection P ′ such that deg P ′ = 1, its primitive relation is y 1 + y 2 + y 3 = y 4 + y 5 . Therefore, there exist two primitive relations t 1 + t 2 + x 1 = x 4 + s and s + x 2 + x 3 = t 1 + t 2 such that {t 1 , t 2 , x 4 , s}, {t 1 , x 1 , x 4 , s}, {t 2 , x 1 , x 4 , s}, {s, x 2 , t 1 , t 2 }, {s, x 3 , t 1 , t 2 } and {x 2 , x 3 , t 1 , t 2 } generate 4-dimensional strongly convex rational polyhedral cones in Σ, respectively. This is a contradiction because there exist three 4-dimensional strongly convex rational polyhedral cones generated by {t 1 , t 2 , x 4 , s}, {s, x 2 , t 1 , t 2 } and {s, x 3 , t 1 , t 2 }, and they contain the 3-dimensional strongly convex rational polyhedral cone generated by {t 1 , t 2 , s}.
Proof. Suppose x 1 + x 2 + x 3 = 0 for any primitive collection P ′ = {x 1 , x 2 , x 3 } in PC(Σ). By Lemmas 8.5 and 8.6 and assumption, for any primitive collection P in PC(Σ), we have #P = 3. If Σ is a splitting fan, then X is isomorphic to P 2 × P 2 , and ρ(X) = 2. So there exist two primitive collections P 1 , P 2 in PC(Σ) such that P 1 ∩ P 2 = ∅. If P 1 = {x 1 , x 2 , x 3 } and P 2 = {x 1 , x 4 , x 5 }, namely #(P 1 ∩ P 2 ) = 1, then we have x 2 + x 3 = x 4 + x 5 , and {x 2 , x 3 } or {x 4 , x 5 } in PC(Σ). This contradicts the assumption. The case P 1 = {x 1 , x 2 , x 3 } and P 2 = {x 1 , x 2 , x 4 }, namely #(P 1 ∩ P 2 ) = 2, is impossible, because
Proof of Proposition 8.4. By Lemmas 8.6 and 8.7, there exists a primitive collection P in PC(Σ) whose primitive relation is x 1 + x 2 + x 3 = x 4 + x 5 . Since deg P = 1, we have three 4-dimensional strongly convex rational polyhedral cones generated by {x i , x j , x 4 , x 5 } where 1 ≤ i < j ≤ 3. There exist y 1 and y 2 in G (Σ) \ {x 1 , x 2 , x 3 , x 4 , x 5 } by the assumption ρ ≥ 3, and we have {x 4 , x 5 , y 1 } and {x 4 , x 5 , y 2 } in PC(Σ). If y 1 + x 4 + x 5 = 0, then y 2 + x 4 + x 5 = 0. Therefore y 2 + x 4 + x 5 = x 1 + x 2 up to change of indices. This is a contradiction because we have x 3 +y 2 = 0 and {x 3 , y 2 } is in PC(Σ). The case y 1 +x 4 +x 5 = 0 is similar.
Let ρ ≥ 4. Then there exists a primitive collection of Σ whose cardinality is two by Proposition 8.4. We divide the proof of Theorem 8.1 for ρ ≥ 4 into two cases.
(1) "There exists a primitive relation of Σ, x 1 + x 2 = x where x 1 , x 2 , x ∈ G (Σ)." Let ϕ : X → X ′ be the equivariant blow-down with respect to x 1 + x 2 = x. If X ′ is not a nonsingular toric Fano 4-fold, then by Proposition 5.1 and Example 5.2, there exist one of the following primitive relations of Σ.
where y 1 , y 2 , y 3 in G (Σ).
(1.1) "y 1 + y 2 + y 3 = 2x or y 1 + y 2 + y 3 = x + x 1 ." Since the degree is one, we have six 4-dimensional strongly convex rational polyhedral cones generated by {x i , x, y j , y k } where 1 ≤ i ≤ 2, 1 ≤ j < k ≤ 3. There exist z 1 and z 2 in G (Σ) \ {x 1 , x 2 , x, y 1 , y 2 , y 3 }, because # G (Σ) = ρ + 4 ≥ 8, and we have {x, z 1 } and {x, z 2 } in PC(Σ). Therefore we get a primitive relation of Σ of the form
up to change of indices. Let ϕ : X → X ′′ be the equivariant blow-down with respect to x + z 1 = w.
(1.1.1) "w = x 1 or y 1 +y 2 +y 3 = 2x is a primitive relation of Σ." Then X ′′ is obviously a nonsingular toric Fano 4-fold.
(1.1.2) "w = x 1 and y 1 + y 2 + y 3 = x+ x 1 is a primitive relation of Σ." In this case, X ′′ is not a nonsingular toric Fano 4-fold by Proposition 5.1 and Example 5.2. Since ρ ≥ 4, there exists t ∈ G (Σ) \ {x 1 , x 2 , x, y 1 , y 2 , y 3 , z 1 }. So we get one of the following primitive relations of Σ, t + x 1 = y 1 , t + x 1 = x 2 and t + x 1 = z 1 , up to change of indices. Let ϕ ′ : X → X ′′′ be the equivariant blow-down with respect to this primitive relation. Then X ′′′ is obviously a nonsingular toric Fano 4-fold. (1.2) "y 1 + y 2 = x" Since the degree is one, there exist two elements z 1 and z 2 in G (Σ) \ {x 1 , x 2 , x, y 1 , y 2 }, and we have eight 4-dimensional strongly convex rational polyhedral cones generated by {x i , x, y j , z k } where 1 ≤ i, j, k ≤ 2. There exist w in G (Σ) \ {x 1 , x 2 , x, y 1 , y 2 , z 1 , z 2 }, because # G (Σ) = ρ + 4 ≥ 8, and P = {x, w} is a primitive collection of Σ.
(1.2.1) "The primitive relation of P is x + w = t where t in {z 1 , z 2 }." Let ϕ : X → X ′′ be the equivariant blow-down with respect to x+w = t. Then X ′′ is obviously a nonsingular toric Fano 4-fold.
(1.2.2) "The primitive relation of P is x + w = t where t in {x 1 , x 2 , y 1 , y 2 }." Let ϕ : X → X ′′ be the equivariant blow-down with respect to x + w = t. If X ′′ is not a nonsingular toric Fano 4-fold, then we obviously have a primitive relation z 1 + z 2 = t by Proposition 5.1. We may let t = x 2 without loss of generality. Then we have four 4-dimensional strongly convex rational polyhedral cones generated by {x 2 , y i , y j , w} where 1 ≤ i, j ≤ 2. {x 1 , x, y 1 , z 1 } is a Z-basis of N, and using this basis, we have
Since the coefficient of x in none of these relation is negative, there exist u in G (Σ) \ {x 1 , x 2 , x, y 1 , y 2 , z 1 , z 2 , w} by the completeness of Σ, and we have two primitive collections {x, u} and {x 2 , u} in PC(Σ). Therefore, we have a primitive relation, x+u = s or x 2 +u = s where s is in {x 1 , y 1 , y 2 , z 1 , z 2 , w}. Let ϕ : X → X ′′ be the equivariant blow-down with respect to x + u = s. Then X ′′ is obviously a nonsingular toric Fano 4-fold. The case of the blow-down with respect to x 2 + u = s is similar.
(1.2.3) "The primitive relation of P is x + w = 0." If ρ ≥ 5, then there exist v in G (Σ) \ {x 1 , x 2 , x, y 1 , y 2 , z 1 , z 2 , w, v}, and we have the primitive relation x + v = 0. In this case, we can use the same method as in (1.2.1) or (1.2.2).
So let ρ = 4 and G (Σ) = {x 1 , x 2 , x, y 1 , y 2 , z 1 , z 2 , w}. Then either {z 1 , z 2 } or {x, z 1 , z 2 } is a primitive collection of Σ.
(1.2.3.1) "z 1 + z 2 = 0 is a primitive relation of Σ." X is obviously a nonsingular toric Fano 4-fold in this case. The primitive relations of Σ are
Σ is a splitting fan, and X is F-equivalent to P 4 by Theorems 6.7 and 6.12. (1.2.3.2) "z 1 + z 2 = x is a primitive relation of Σ." X is obviously a nonsingular toric Fano 4-fold in this case. The primitive relations of Σ are
Σ is a splitting fan, and X is F-equivalent to P 4 by Theorems 6.7 and 6.12. (1.2.3. 3) "z 1 + z 2 = t is a primitive relation of Σ, where t in {x 1 , x 2 , y 1 , y 2 , w}." Let ϕ : X → X ′′ be the equivariant blow-down with respect to z 1 + z 2 = t. Then X ′′ is obviously a nonsingular toric Fano 4-fold by Proposition 5.1 and Example 5.2.
(1.2.3.4) "z 1 + z 2 + x = 0 is a primitive relation of Σ." This is impossible, because z 1 + z 2 = −x = w, and {z 1 , z 2 } is a primitive collection of Σ.
(1.2.3.5) "z 1 + z 2 + x = ax 1 is a primitive relation of Σ, where a = 1 or 2." Since ax 1 + w = z 1 + z 2 , {t, w} is a primitive collection of Σ. There exists u in {x 2 , y 1 , y 2 , z 1 , z 2 } such that the primitive relation of {x 1 , w} is x 1 + w = u, because x + w = 0. Since x 1 − x − u = 0, we have u = x 2 . Because otherwise, {x 1 , x, u} is a part of a Z-basis of N. However, this contradicts the fact x 1 + x 2 = x. We can replace x 1 by x 2 , y 1 or y 2 , and repeat the same argument.
(1.2.3.6) "z 1 + z 2 + x = aw is a primitive relation of Σ, where a = 1 or 2." We have z 1 + z 2 = aw − x = (a + 1)w. This is a contradiction.
(1.2.3.7) "z 1 + z 2 + x = x i + y j is a primitive relation of Σ, where 1 ≤ i, j ≤ 2." X is obviously a nonsingular toric Fano 4-fold. We can show easily that X is F-equivalent to P 4 (See M 2 in the table of Section 9).
(2) "There does not exist a primitive collection P = {x 1 , x 2 } in PC(Σ) whose primitive relation is x 1 + x 2 = 0."
We need the following lemma. This lemma can be proved in the same way as Lemmas 8.5 and 8.6. Since ρ ≥ 4, there exists a primitive collection P = {x 1 , x 2 } in PC(Σ) whose primitive relation is x 1 + x 2 = 0, by Proposition 8.4. We fix this P .
(2.1) "r(P ) is contained in an extremal ray of NE(X)." By toric Mori theory, there exists a nonsingular projective toric 3-fold Y = T N emb(Σ * ) such that X is an equivariant P 1 -bundle over Y , G (Σ * ) ⊂ G (Σ) and if P * is a primitive collection of Σ * , then P * is also a primitive collection of Σ. Let # G (Σ * ) = n and n 0 the number of the primitive collections of Σ * whose cardinality is two. Then the f -vector of the 3-dimensional simplicial convex polytope corresponding to Σ * is (n, n(n − 1)/2 − n 0 , f 2 ). By the Dehn-Sommerville equalities (see Oda [13] ), we have n 0 = (n − 3)(n − 4)/2. So by assumption, we have n 0 = (n − 3)(n − 4)/2 ≤ n/2. Since ρ ≥ 4, we have n = 6, and the primitive relations of Σ are x 1 + x 2 = 0, x 3 + x 4 = 0, x 5 + x 6 = 0 and x 7 + x 8 = 0.
X is P 1 × P 1 × P 1 × P 1 and F-equivalent to P 4 by Theorem 6.7. (2.2) "r(P ) is not contained in an extremal ray of NE(X)." By Lemma 8.8, there exist two primitive relations of Σ of the form x 1 + y 1 + y 2 = z 1 + z 2 and x 2 + z 1 + z 2 = y 1 + y 2 , with y 1 , y 2 , z 1 , z 2 in G (Σ). We have five 4-dimensional strongly convex rational polyhedral cones of Σ generated by {x 1 , y 1 , z 1 , z 2 }, {x 1 , y 2 , z 1 , z 2 }, {y 1 , y 2 , z 1 , z 2 }, {x 2 , y 1 , y 2 , z 1 } and {x 2 , y 1 , y 1 , z 2 }.
By the assumption ρ ≥ 4, there exists w in G (Σ) \ {x 1 , x 2 , y 1 , y 2 , z 1 , z 2 } such that either {z 1 , z 2 , w} or {z 1 , z 2 , w} is a primitive collection of Σ, because there exists at most one primitive collection among {z 1 , w}, {z 2 , w}, {y 1 , w} and {y 1 , w}, and the others generate 2-dimensional strongly convex rational polyhedral cones of Σ. If w + z 1 + z 2 = 0 is a primitive relation, then we have y 1 + y 2 + w = x 2 . So by assumption, {y 1 , y 2 }, {y 1 , w} and {y 2 , w} are not primitive collections. Therefore, {y 1 , y 2 , w} is a primitive collection of Σ. This contradicts Lemma 8.8.
By the above discussion, we have the primitive relations w + z 1 + z 2 = t 1 + t 2 and w + y 1 + y 2 = s 1 + s 2 , where the possibilities for {t 1 , t 2 } are {x 1 , y 1 } and {x 1 , y 2 }, while the possibilities for {s 1 , s 2 } are {x 2 , z 1 } and {x 2 , z 2 }. So we have 4 ≤ ρ ≤ 6.
(2.2.1) "ρ = 4" X is obviously a nonsingular toric Fano 4-fold. We can show easily that X is F-equivalent to P 4 (See M 1 in the table of Section 9). (2.2.2) "ρ = 5" X is the 4-dimensional pseudo del Pezzo variety. Moreover, X is not F-equivalent to P 4 (See (117) in the table of Section 9). The primitive relations of Σ are x 0 + x 4 = 0, x 1 + x 5 = 0, x 2 + x 6 = 0, x 3 + x 7 = 0, x 0 + x 1 + x 2 = x 7 + x 8 , x 0 + x 1 + x 3 = x 6 + x 8 , x 0 + x 2 + x 3 = x 5 + x 8 , x 1 + x 2 + x 3 = x 4 + x 8 , x 4 + x 5 + x 8 = x 2 + x 3 , x 4 + x 6 + x 8 = x 1 + x 3 , x 4 + x 7 + x 8 = x 1 + x 2 , x 5 + x 6 + x 8 = x 0 + x 3 , x 5 + x 7 + x 8 = x 0 + x 2 , x 6 + x 7 + x 8 = x 0 + x 1 , where G (Σ) = {x 0 , x 1 , x 2 , x 3 , x 4 , x 5 , x 6 , x 7 , x 8 }.
(2.2.3) "ρ = 6" X is the 4-dimensional del Pezzo variety. Moreover, X is not Fequivalent to P 4 (See (118) in the table of Section 9). The primitive relations of Σ are x 0 + x 4 = 0, x 1 + x 5 = 0, x 2 + x 6 = 0, x 3 + x 7 = 0, x 8 + x 9 = 0, x 0 + x 1 + x 2 = x 7 + x 8 , x 0 + x 1 + x 3 = x 6 + x 8 , x 0 + x 2 + x 3 = x 5 + x 8 , x 1 + x 2 + x 3 = x 4 + x 8 , x 0 + x 1 + x 9 = x 6 + x 7 , x 0 + x 2 + x 9 = x 5 + x 7 , x 0 + x 3 + x 9 = x 5 + x 6 , x 1 + x 2 + x 9 = x 4 + x 7 , x 1 + x 3 + x 9 = x 4 + x 6 , x 2 + x 3 + x 9 = x 4 + x 5 , x 4 + x 5 + x 6 = x 3 + x 9 , x 4 + x 5 + x 7 = x 2 + x 9 , x 4 + x 6 + x 7 = x 1 + x 9 , x 5 + x 6 + x 7 = x 0 + x 9 , x 4 + x 5 + x 8 = x 2 + x 3 , x 4 + x 6 + x 8 = x 1 + x 3 , x 4 + x 7 + x 8 = x 1 + x 2 , x 5 + x 6 + x 8 = x 0 + x 3 , x 5 + x 7 + x 8 = x 0 + x 2 , x 6 + x 7 + x 8 = x 0 + x 1 , where G (Σ) = {x 0 , x 1 , x 2 , x 3 , x 4 , x 5 , x 6 , x 7 , x 8 , x 9 }.
Equivariant blow-up relations among nonsingular toric Fano 4-folds
In this section, we give all the equivariant blow-up relations among nonsingular toric Fano 4-folds using the results of Sections 3, 4, 6 and 8. In Table 1 , we use the same notation as in Batyrev [5] , and i-blow-up means the equivariant blow-up along a T Ninvariant irreducible closed subvariety of codimension i. 
